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1 Basic Discussion

Problem 1. The perfect Euler brick problem is an open Diophantine problem that asks if there
exists a rational point P(z,y,z) # (0,0,0) in the 3-dimensional Euclidean space such that the
distance \/z2 + y2,\/y2 + 22, V22 + 22, /22 + y2 + 22 are all rational numbers.

Definition 1. 1) Let X C P = ProjZ|x,y, z,71,72,73,74] be the projective variety defined by the
homogeneous ideal I(X) =< 2% +y? —r? y? + 22 — r2 22 + 2% — r%,xQ + 9?2 + 22 — r? >. Define
fiX(R) - RP L p(z:y:z:ry:re:ry:ry) — (w:y:2), and denote q1(0: 0 : 1),g2(1: 0 :
0),q3(0:1:0).

2) Let X, C P® = ProjZ[x,y, 71, 72,73, T4, 2] be the projective variety defined by the homogeneous
ideal I(X) =<2+ y? +er?—ri, >+ 22 +er? —r3 22+ 2% +er] — 13,22 + y> + 22 — r] >. Define
fe: Xc(R) = RP2 p(z:y:z:rirgirgiry) — (v:y:2),

2 Topological inspection of X(R) and X .(R)

pr(0:0:£1:0:4£1:4£1:1), pa(+£1:0:0:£1:0:+1:1), p3(0:4£1:0:£1:4+1:0:1),

For € > 0, X.(R) is the disjoint union of 8 spheres. We give its connected components decom-
position as X¢(R) = | |y<;<7 Xci- Define a map g1 : X (R) — R3, for any p(z 1y :r1 :ro:r3:74:
z) € Xe(R),g(p) = (5,4, 5). For any t € Ry, g(tp) = (%,%,%) = g(p), so g is well defined.
The image of g is g(X(R)) = S = {22 + y? + 22 = 1} C R3. For a given point s1(x,y,2) € S?,
its fiber is given by g7 (s1) = {(z 1y : z: Va2 +y2+e: £y + 22+ e £V22 a2+ e 1))
We conclude that g : X (R) — S? c R3\{0} is an 8-fold covering, and its locally a smooth diffeo-
morphism everywhere on X(R). The exact correspondence between X ;,0 < i < 7 and the signs

of (%, ;—i, :—Z) are given in the following table:




)

sgn (2

)

sgn(

2

sgn(

+ 4+ 0+ +

i

S = AN M < 10 O -

)

r2 T3 T4
ry’ry’r

Table 1: Correspondence between X ; and the signs of (

1+e:1),

1+e€:

1+e:1), pro1(0:0:—=1:+/e:
1+e:1), p111(0:0:=1:—/e:

1+e€:

p1,0,0(0 :0:1: \E:
p1,10(0:0:1: —/e:

1+e:1),

1+e€:

1+e€:

1+e:1),

1+e:1), p121(0:0:=1:ve:—V1+e:
1+e:1), p131(0:0:—=1:—Ve:—V1+e:

P1a0(0:0:1:ve:VI+e:—vV1I4e:1), pra1(0:0:—1:ve:V1I+e:—V1+e:1l),
p15000:0:1:—Ve:vVite:r—vVI+e:l), p15100:0:=1:—Ve:vVI+e:—V1+e:1),

P120(0:0:1:e: —1+e:
p130(0:0:1:—e: —V/1+e:

1+e:1),

Preo(0:0:1:vVe: —VIite: —vVI+e:1), prei(0:0:—1:ve: —vVI+e:—vV1+e:1),
p177’0(010211—\/E2—\/1—|—62—\/1+621), p1,771(0:0:—1:—ﬁ:—\/1—1—6:—\/1+e:1).

p1,1(0:0:=1:0:1:1:1),

p1,0o(0:0:1:0:1:1:1),

p13(0:0:=1:0:—-1:1:1),

p14(0:0:1:0:1:-1:1), p150:0: =1:0:1:-1:1),

p12(0:0:1:0:—1:1:1),

p17(0:0:—1:0:—1:—-1:1).

p16(0:0:1:0:—1:—-1:1),

1+e:1),

T+e:1), pro1(—1:0:0:vV1+e:e:
T+e:1), pa11(—1:0:0:—V1+e:ve:

1+e:+e:

P210(1:0:0: —/1+e:/e:

P2,0,0(1:0:0:

1+e:1),

1+e:1),

14+e:—e:

L+e:1), po3i(—1:0:0:—V1+e:—e:

p2,21(—1:0:0:

T+e:—vVe:V1i+e:1),

P23o(1:0:0: —/1+e: —fe:

P2,20(1:0:0:

1+e:1),

l+e:ve:—V1+e:1),

p250(1:0:0:—vV1+e:ve:—vV1+e:1), pasi(—=1:0:0: —vV1+e:e: —V1+e:1),

l+e:ve:—vV1+e:1), posr(—1:0:0:

p2,470(1 :0:0:
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p2,3(—1:0:0:—-1:0:1:1),

p22(1:0:0:-1:0:1:1),

p25(—1:0:0:1:0:—1:1),

p2,4(1:0:0:1:0:—-1:1),
p2,6(1:0:0:—=1:0:—1:1),

p2,7(=1:0:0:—-1:0:—1:1).



P300(0:1:0:vVI+e:vVI+e:ve:l), p3o1(0:=1:0:vVI+e:V1+e:e:l),
P3100:1:0: —VT4+e:VIi+e:ve:l), p311(0:=1:0:—vVI+e:vVI+e:e:l),
p3200:1:0:vVI+e:—vV1+e:ve:rl), p3a1(0:=1:0:vVI+e:—vV1+e:e:1),
P330(0:1:0: —VI+e:—vV1+e:ve:l), p3zi(0:—1:0:—V1+e:—vV1+e:e:1),
p3,470(0:1:0:m:m:—\/€:1), p341(0: —1 0:vVI+e:VIde:—e:1),
p37570(0:1:0:—m:m:—\@:1), p351(0: —1 0: —V1d+e:vVI+e:—e:1),
p376,0(011:0:\/m:—\/m:—ﬁ:1), p3,6,1(0: —1 0:vVI+e:—V1I+e:—e:l),
p377,0(0:1:0:—\/m:—\/m:—ﬁ:l), p371(0:=1:0: —V1+e: —V1+e: —Ve: 1),
p30(0:1:0:1:1:0:1), p31(0:—=1:0:1:1:0:1),
p32(0:1:0:—1:1:0:1), p33(0:—=1:0:—-1:1:0:1),
p34(0:1:0:1:-1:0:1), p3s(0:—=1:0:1:—-1:0:1),
p36(0:1:0:—-1:—-1:0:1), p37(0:=1:0:—-1:-1:0:1).

Proposition 1. 1) When € > 0, the homology groups of X(R) are:
Hy(X(R),Z) =Z°, Hy(X.(R),Z) =0, Hy(X(R),Z)=12"
2) When e = 0, the homology groups of Xy(R) = X (R) are:
Hy(X(R),Z) =78 Hi(X(R),Z)=Z", Ho(X(R),Z)=LZ.
3) When € < 0, the homology groups of X(R) are:

Hy(X.(R),Z) =7, Hy(X(R),Z) =123 HyX(R),Z)="7.

3 Topological inspection of X(C) and X.(C)
Denote four conic curves and their irreducible components in CP? by

51:x2+y220, ho:x+iy=0, lLii:x—1y=0,
32:y2—|—22:O, lop:y+iz=0, lp1:y—iz=0,
83222+.%'2:0, l30:2+i =0, Il37:2—1ir=0,
Sq :m2—|—y2—{—z2 =0.
The 6 projective complex lines above has 15 joints in total, all of them meets 2 lines, among

which 3 of them belong to single conic curve listed above. The last circle is tangent to each of the
6 lines above. The coordinates of these points are given as follows:

qab,r2(1:d:1),  qap13(l:—i: 1), qapra(l:i:—1), gqapra(l:—i:—1),

qab2,1(1:1:4),  qapaa(l:1:—4), qapza(l:—=1:4d), qapra(l:—1:—i),

qab3(i:1:1), qapza(—i:1:1), qapsza(i:1:-1), qapra(—i:1:-1),
q1(0:0:1), ¢g2(1:0:0), ¢3(0:1:0).



q1

q2

Let s = [J;<;<3si be the union of the three conics above. Then a disjoint union of s can be

written as
5= |_| li |_| qi |_| qdb,i,j |_| Gtan,i-

1<i<3,0<5<1 1<i<3  1<i#j<4 1<i<6

>V >

f is 16-fold on CP?\s, 8-fold on s besides the 18 joints between different conics, 4-fold on 18
joints which each meets 2 lines or circle. So formally we have the following partition of X (C)
ignoring boundary maps, and its euler characteristic is known:

X<(C) = |_| 16 x (CPZ\*S) |_| 8 X (S\{de,*a Qtan,*}) |_| 4 x {de,*7 Qtan,*}
x(s)=6%24+2—-15—-6=—7, x(CP?\s)= 10,
X(S\{qdb,*a Qtan,*}) = X(S) - X(de,*a Qtan,*) = _253 X(de,*a Qtan,*) = 187
X(X(C)) =16%10+ 8% (—25) + 4 % 18 = 32.

The 3 relations about Chern numbers and Euler characteristic of X (C) are as follows:

A4y =12%x(X(C)) =384, 384 —cy=c2<3co, ¢3>96, & <288
5c2 — ¢y +36=6cF —348 >0, I >58, 8<¢ <16.

Since the Kodaira dimension x(X(C)) = 2 when ¢?, ¢y > 0, we conclude that X.(C) is a surface of
general type.

4 Rational points on X and X,

Observe that when z = 0 (or y = 0, or z = 0), the equation degenerate to the classical
Pythagorean equation. X (Q) N {x = 0} is isomorphic to the rational points on a unit circle, so are

X(Q) N {y = 0} and X(Q) N {= = 0},
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